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Young developed a classic axiomatization of the Borda rule almost 50 years ago.
He proved it is the only voting rule satisfying the normative properties of decisiveness,
neutrality, reinforcement, faithfulness and cancellation. Often overlooked is that the
uniqueness of Borda applies only to variable populations. We present a different set
of properties which only Borda satisfies when both the set of voters and the set of
alternatives can vary. It is also shown Borda is the only scoring rule which will satisfy
all of the new properties when the number of voters stays fixed. (JEL D71, D02, H00)

I. INTRODUCTION

May (1952) has shown that majority rule on a
binary set of alternatives is the only rule which
satisfies the four specific properties of decisive-
ness, anonymity, neutrality, and positive respon-
siveness. A voting rule is considered decisive if at
least one alternative is always selected. The rule
is anonymous when all voters are treated equally.
It is neutral when each of the alternatives has
the same requirement for being selected. Posi-
tive responsiveness indicates that a selected alter-
native becomes or remains a uniquely selected
alternative when at least one voter changes favor
toward it while no voters change favor against.
May’s properties apply to a fixed set of voters
considering a fixed pair of alternatives, but voter
preferences on the alternatives can change.

Although often interpreted as a defense of
majority rule, May’s theorem holds for any rule
which simplifies to majority rule in the case of
two alternatives. Certain types of scoring rules
follow this design. A scoring rule requires voters
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to rank the alternatives from most-preferred to
least-preferred, and then assigns the alternatives
a set of points according to their ranking. For
example, various scoring rules for a set of five
alternatives might be (4, 3, 2, 1, 0) [Borda],
(1, 0, 0, 0, 0) [plurality], (1, 1/2, 1/3, 1/4, 1/5)
[Dowdall], or (1, 0, 0, 0, −1) [positive/negative].
The points are then aggregated across all voters
and the alternative with the most points is selected
as the winner.

Positional scoring rules assign at least as many
points to an alternative the higher it is ranked by
a voter. The scoring rules mentioned above have
this property. In contrast, the scoring rule (3, 1, 2,
1, 1) is not positional. However, it is very unusual
for a scoring rule to be designed which is not
positional. Thus the terms “scoring rule” and “po-
sitional system” are often used interchangeably.
We keep the two concepts distinct.

The two positional scoring rules which receive
the most attention are the simple plurality rule
and the Borda count. Under plurality, a voter’s
most preferred alternative is given one point and
all other alternatives receive zero points. For
Borda, every alternative is assigned a different
number of points. Specifically, an alternative is
awarded one point for each competitor ranked
below it in the voter’s ranking. For the limiting
case of two alternatives, both rules assign one
point to each voter’s most preferred alternative
and zero to the other. With only two alternatives
under consideration, the one receiving the most
points must be preferred by a majority of voters
unless there is a tie. Thus for the case of two alter-
natives, Borda and plurality rule are identical to
majority rule.
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The rules differ in their procedures when
there are more than two alternatives. Allowing
for potentially larger sets of alternatives,
Young (1974) proved that voting rules which
satisfy decisiveness, reinforcement, and cancel-
lation are also anonymous, and that Borda is the
only rule which simultaneously satisfies the prop-
erties of decisiveness, neutrality, reinforcement,
faithfulness, and cancellation. Reinforcement
requires that if two separate groups select any
alternatives in common as their winners, then
when the groups are combined into one group
the winning alternatives must be all of those
which the separate groups had in common. The
faithfulness property requires that when there is
but one person in the group, then the selected
alternative must be that person’s top preference.
Finally, the cancellation property stipulates that
when there are an equal number of voters on
opposite sides of every pairwise comparison then
the selected set must include all alternatives.
By presenting an axiomatic representation of
Borda, Young (1974) was the first to characterize
a rule based on its properties which hold for any
number of alternatives.

To assist in the discussion of these proper-
ties, we need to make an important distinction
between three different conceptions of how a vot-
ing rule can “satisfy” a normative criterium. The
first is the typical way the term is used in social
choice theory. A voting rule is determined to “sat-
isfy” a property when a general proof demon-
strates that the property holds over an unrestricted
domain of preferences. We refer to this as a rule
“universally satisfying” a property. The second
conception of “satisfying” occurs when all the
conditions that are part of the property are explic-
itly met in a particular example. In such a case we
say that the rule is “conditionally satisfying” the
property, although it may not in other examples.
The third conception of “satisfying” happens in
an example involving the absence of the foun-
dational conditions upon which the property is
defined, and thus no violation is possible regard-
less of the outcome. We refer to this instance as a
rule “trivially satisfying” the property.

To illustrate these distinctions, consider
Young’s (1974) property of reinforcement which
requires that if two separate groups have an
overlap in their choice sets, then when the voters
are combined into one group the new choice set
will be the intersection of the original two choice
sets. Suppose there exists a situation in which
under plurality voting one group selects both a
and b as winners, and a second group selects a

and c as winners. Note that there is an overlap
in the original two sets of winners so whether or
not plurality violates reinforcement depends on
what happens when the groups are combined. If
the combined group would select a as the unique
winner, then reinforcement is conditionally
satisfied. Otherwise, reinforcement is violated.
However, if using Borda the first group selects
both a and b while the second group selects only
c as its winner, then the two groups would have
no winners in common. Under that scenario,
the reinforcement property places no further
requirements that need to be met so the property
cannot be violated regardless of what happens
when the groups are combined. In such a case we
say Borda trivially satisfies reinforcement. Thus,
a rule universally satisfies reinforcement if it can
be proven that every possible example must result
in reinforcement being either trivially or condi-
tionally satisfied. For fixed populations, separate
groups will never combine so reinforcement is
definitionally trivially satisfied by any rule.

Young (1975) proved a voting rule will uni-
versally satisfy decisiveness, anonymity, neutral-
ity, and reinforcement if and only if it is a scor-
ing rule. Universal satisfaction of the additional
properties of faithfulness and cancellation is what
restricts the allowable set of scoring rules to only
Borda. As Young notes, his Borda proof applies
to variable populations where the group size can
change. “By allowing the number of voters to
vary, we are led to consider certain consistency
conditions which relate choices made by sub-
sets of voters to choices made by their union”
(Young 1974, 44). This refers to the nature of
the reinforcement property, which does not apply
to fixed group sizes. There are other rules which
could violate reinforcement in variable popula-
tions that satisfy all the properties when group
size is fixed. For example the Copeland rule,
where points are awarded based on head-to-head
majority comparisons, universally satisfies deci-
siveness, neutrality, faithfulness and cancellation,
and trivially satisfies reinforcement if group size
is fixed.

Because all scoring rules universally satisfy
reinforcement for variable populations, restrict-
ing attention to this class of rules automatically
discards from consideration any rule which
might not conditionally satisfy reinforcement
under variable populations. This would seem to
imply Borda should at least be the only scoring
rule to satisfy all properties for fixed groups. Yet
this turns out to not be the case. Closer inspec-
tion reveals that the foundational conditions for
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faithfulness and cancellation are in conflict for
fixed group size. Faithfulness can only be vio-
lated when there is but one person in the group,
whereas violations of cancellation can only occur
for an even-sized group. For any fixed group,
one or both of the properties must be trivially
satisfied by any rule. For studies of majority rule
and other pairwise comparison procedures, a
fixed group comprising an odd number of voters
is often assumed (e.g., Ahn and Oliveros 2012;
Gersbach 2017; Groseclose 2007). Yet this
common domain restriction would make both
cancellation and faithfulness trivially satisfied by
any rule regardless of the group members’ pref-
erences, thus rendering the additional properties
inconsequential. In this case, the properties will
not differentiate one scoring rule from another.

There exists an important difference in the
way reinforcement and cancellation (or faithful-
ness) can be trivially satisfied when populations
vary. Reinforcement may be trivially satisfied by
a rule for a particular preference profile (because
applying that rule to two separate groups consid-
ering the same set of alternatives results in no
common selections) while the same rule violates
the condition on another profile consisting of the
same number of voters and alternatives. Rein-
forcement may also be trivially satisfied by one
rule while violated by another rule on the same
profile (as in the example given above). But if
cancellation is trivially satisfied by one rule on
a given profile, it must be trivially satisfied by all
rules for that profile.

We seek to develop a characterization of Borda
where the property definitions are not a function
of group size and thus can never be trivially
satisfied by all rules simply based on the number
of voters. By invoking a property assuming the
number of alternatives can change, we identify
a different set of properties that only Borda can
satisfy for variable populations, and makes Borda
unique among scoring rules for fixed populations.

To this end, we develop two new properties.
Invertibility requires that none of the selected
alternatives can also be selected when everyone’s
preferences are inverted, unless the entire set of
alternatives was initially selected, in which case
they must all be selected again. Minimal Indepen-
dence prohibits any changes to which alternatives
are selected when an alternative unanimously
ranked last is excluded from consideration.
We first establish as an intermediate step that
decisiveness, anonymity, reinforcement, and
invertibility, characterize the class of symmetric
scoring rules for variable populations. We then

prove Borda is the only voting rule which is deci-
sive, anonymous, neutral, reinforcing, invertible,
positively responsive, and minimally indepen-
dent for variable populations and alternatives.
Borda is also shown to be unique among scoring
rules universally satisfying these properties for
fixed groups with variable alternatives.

II. AXIOMATIZATION OF SCORING RULES

Let N = {1, … , n} represent the set of voters
deciding on the set of alternatives Z = {1, … , z}.
Each voter i∈N has a preference order Di
consisting of a strong ordering of all possible
alternatives. The group’s preference profile
D = {D1, … , Dn} represents the set of prefer-
ence orderings of Di on Z, D ∈ D where D is the
set of all feasible preference profiles. Let a≻i b
stand for voter i “prefers” alternative a over alter-
native b. Let nab represent the number of voters
who prefer a over b, and let 𝜂a

r represent the
number of voters who give alternative a rank r.
A choice set 𝜁 (D) for rule Γ is composed of
alternatives that are at least as good as everything
else, in the sense that they are ranked at least as
high by Γ as all the other alternatives.

A. Scoring Rule Definitions

Scoring rules represent a general class of rules
such that each voter presents a ballot indicat-
ing their ranking of the alternatives, and each
alternative receives 𝜎r points for every ballot in
which it is ranked rth. Denote 𝜎 = (𝜎1, … , 𝜎z)
as the vector designating the number of points
assigned to each rank. Note that for a given 𝜎, the
same number of points will be assigned to the rth
ranked alternative across all ballots. Define the
total number of points accumulated by any alter-
native a as Ωa, and the set of point totals for the
z alternatives as Ω = {Ω1, … ,Ωz}. For scoring
rules, alternative a∈ 𝜁 (D) if and only if Ωa ≥Ωb

∀b∈Z. Scoring rules are strong if 𝜎r ≠ 𝜎h ∀r ≠ h
and weak otherwise. A null scoring rule is one
in which 𝜎r = 𝜎h ∀r, h≤ z. Under a null scoring
rule, the choice set is always the complete set of
all alternatives. That is, 𝜁 (D) = Z, ∀D ∈ D.

Positional systems are scoring rules in which
𝜎r ≥ 𝜎h ∀r < h, and 𝜎1 > 𝜎z. Thus, positional
systems ensure that alternatives ranked higher
by a voter receive at least as many points as
those ranked lower. Scoring rules which are not
positional are clearly perverse and are not used in
practice or generally discussed in the literature.
As such, scholars often do not distinguish
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between positional systems and the more general
scoring rules, typically using the term scoring
rule with the implicit (or explicit) understanding
that the scoring rule is positional. We keep the
terms distinct.

Plurality and Borda represent two common
positional systems. Plurality assigns points such
that 𝜎1 = 1, 𝜎r = 0 ∀r ≠ 1 whereas Borda assigns
points such that 𝜎r = z− r ∀r ≤ z. We note for
later purpose that any scoring rule in which
𝜎r = k−wr, w > 0,∀ r ≤ z yields the same weak
ordering of alternatives and is functionally equiv-
alent to the Borda count as described here, which
can be derived by setting k = z and w = 1.1

Young (1974) used a slightly different form; set-
ting k = z+ 1, w = 2 in order to center the
weights around zero. The critical point for Borda
is that the difference in points assigned to each
subsequent rank remains constant (w). Conse-
quently, a “reverse Borda” is any rule where
w < 0, and w = 0 corresponds to null rules. Con-
versely, unanimity rule uses the same point vector
as plurality but a∈ 𝜁 (D) if and only if Ωa = n.
The composition of the selection condition is why
unanimity is not a proper scoring rule.

A scoring rule is symmetric when the points
assigned to the median rank (or the average points
for the two medians) are the same as the average
for all pairs of points that are the same number
of ranks away from the median (or the average
of the two medians).2 Formally, a scoring rule is
symmetric if

(1) 𝜎r + 𝜎z−r+1 =

{
2𝜎 z+1

2
for z odd,

𝜎 z
2
+ 𝜎 z

2
+1 for z even.

Examples of strongly symmetric positional sys-
tems for z = 5 include 𝜎 = (10, 6, 5, 4, 0) or
𝜎 = (7, 6, 0,− 6,− 7), and for z= 6 include 𝜎 = (8,
6, 5, 4, 3, 1) or 𝜎 = (16, 14, 9, 7, 2, 0). The
positive/negative vote rule, where voters vote for
one alternative and against one alternative, is an
example of a weakly symmetric rule. The weights
for the positive/negative rule can be denoted by
𝜎 = (1, 0, … , 0,− 1). Dowdall is defined by
𝜎r = 1/r, ∀r ≤ z, representing a geometric decay
in the weights. It should be clear that Borda, pos-
itive/negative, and null rules are symmetric, but
plurality and Dowdall are not.

1. Similarly, any weak positional system for which
𝜎1 > 𝜎2 = 𝜎z is functionally equivalent to plurality.

2. Note our definition of symmetry is unrelated to
Young’s (1975) usage of the term to represent voting rules
that are both anonymous and neutral.

B. Normative Properties

May (1952) limited his analysis to binary
alternative sets, but the properties he developed
can be generalized for z > 2.

Decisiveness ∀D ∈ D, 𝜁 (D) ≠ ∅
Anonymity Let D′

i = Dj, D′
j = Di, and D′

k =
Dk, ∀k≠ i, j. Then 𝜁 (D′) = 𝜁 (D).

Neutrality 𝜁 (𝛾[D]) = 𝛾[𝜁 (D)]
Positive responsiveness Let D′

i = Di, except
voter i ranks a∈ Z higher in D′ than in D, and
∀k≠ i, D′

k = Dk. Then a∈ 𝜁 (D)→ 𝜁 (D′) = {a}.

A voting rule Γ is decisive if it always returns
a nonempty choice set.3 To be anonymous, Γ
must treat all voters equally. For this to occur,
the choice set must depend only on the number
of voters having each particular preference order-
ing. Switching the preferences of any two voters
cannot affect the choice set if they have equal
impact on the outcome. The neutrality criterion
proscribes that no alternative is favored or disfa-
vored by the voting procedure. The permutation
of the alternative names by a function 𝛾 results
in the same permutation of the resulting choice
set. Positive responsiveness signifies that for any
alternative that was selected either by itself or
along with other alternatives, and the only change
to the preference profile is one voter ranks that
alternative higher than originally, then that alter-
native will be the only alternative selected after
the preference change. In essence, any voter can
break a tie by ranking a tied alternative higher,
and a higher ranking from any voter will never
hurt a selected alternative.4

To characterize the universe of scoring rule
possibilities, Young (1974) introduced a variable
population property not previously considered by
May.

Reinforcement Denote D′ and D′′ as
the vector of preference orderings on N′ and
N′′, where N′ ∩N′′ = ∅ and N′ ∪N′′ = N.
𝜁 (D′)∩ 𝜁 (D′′)≠ ∅ → 𝜁 (D) = 𝜁 (D′)∩ 𝜁 (D′′).

Reinforcement requires that if there is any
overlap in the winning alternatives from two sep-
arate groups of voters, then the merging of these
groups yields the winning alternatives to be the
ones that the separate groups held in common.5

3. Young (1974, 1975) referred to such rules as social
choice functions.

4. The latter condition is often presented separately as
monotonicity.

5. Originally dubbed consistency, we use the term “rein-
forcement” to reflect how Young (1995) would later refer to
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THEOREM 1. A voting rule is decisive, anony-
mous, neutral and reinforcing if and only if it is a
scoring rule (Young 1974).

Some common rules fail one or more of these
conditions. The strict majority rule can be rep-
resented by the plurality scoring rule weights
𝜎 = (1, 0, 0, … , 0) but alternative a∈ 𝜁 (D) if and
only if Ωa > n/2. This is not a valid scoring rule
due to the threshold requirement for inclusion
in the choice set. Strict majority rule is anony-
mous, neutral and reinforcing but as no alter-
native may reach the stipulated threshold when
z > 2, the rule is not decisive. Alternatively, con-
sider a variant of strict majority rule involving
a status quo. Suppose x∈Z is the status quo
and ∀a≠ x, a∈ 𝜁 (D) if and only if Ωa > n/2, else
𝜁 (D) = x. The rule is decisive but not neutral
because the criteria for inclusion in the choice
set is not the same for all alternatives. Dictator-
ship occurs when ∃i∈N such that for i : 𝜎 = (1,
0, 0, … , 0) and ∀j≠ i : 𝜎 = (0, 0, 0, … , 0).
Dictatorship is not a valid scoring rule because
the weights differ across individuals. Dictator-
ship is decisive, neutral and reinforcing but vio-
lates anonymity. Finally, consider the Copeland
rule which assigns points based on the number
of pairwise majority rule victories, rather than
directly from the individual ballots. It can be
demonstrated that Copeland is decisive, anony-
mous and neutral, but not reinforcing.

To characterize Borda, Young (1974) develops
two additional properties.

Faithfulness If n = 1, 𝜁 (D) = {a} if and only
if a≻1 b ∀b≠ a.

Cancellation For any profile D∗ ∈ D in
which nab = nba ∀a, b∈ Z, 𝜁 (D*) = Z.

Faithfulness requires that when there is only
one individual in the group the choice set con-
sists only of that person’s most preferred alter-
native. In essence, a rule which is faithful allows
anyone acting on their own to be able to decide
for themself. The anti-plurality rule where vot-
ers vote against their least preferred alternative,
represented as 𝜎 = (0, 0, … , 0,− 1), is not faith-
ful. Any scoring rule which sets 𝜎1 > 𝜎r ∀r ≠ 1 is
faithful. All strong positional systems therefore
universally satisfy faithfulness. Note that a rule
can only conditionally satisfy faithfulness when

this property. Both terms are still in use. For example, Xef-
teris (2014), Doǧan and Koray (2015), and Kawada (2018)
label Young’s property as “consistency” whereas Heckelman
and Chen (2013), Pivato (2013), and Kurihara (2018) denote
the property as “reinforcement”.

n = 1. Hence, every voting rule trivially satisfies
faithfulness for any preference profile consisting
of more than one person.

Cancellation represents a variant form of
anonymity. If for all pairs of alternatives the
number of people preferring one alternative to
the other is the same, then following the majority
principle a tie must be declared among all the
alternatives. Thus Γ cancels by returning the
full set of alternatives for the choice set. As
with May’s anonymity, voters are being treated
equally. The choice set depends only on the
number of people favoring each alternative, and
not which particular persons are on either side.
The condition differs from anonymity, however,
in that cancellation will be trivially satisfied by
any rule if the group contains an odd number of
persons. In contrast, anonymity is never trivially
satisfied (unless z = 1) as it is always possible
to swap the preferences of any two individuals
in a group. Any rule which universally satisfies
decisiveness, reinforcement and cancellation, is
also anonymous (Young 1974).

Plurality, for example, is anonymous but may
not conditionally satisfy cancellation. More gen-
erally, any weak scoring rule, and every strong
scoring rule other than Borda, reverse Borda,
or null rules, can potentially violate cancella-
tion. Consider the example profile D* in the
table below.

Scores for each alternative are calculated as

Ωx = 2𝜎1 + 2𝜎4

Ωy = 𝜎1 + 𝜎2 + 𝜎3 + 𝜎4

Ωv = 𝜎1 + 3𝜎3

Ωu = 3𝜎2 + 𝜎4

For every pairwise comparison in Table 1 the
outcomes are tied 2-2 so cancellation requires
every alternative to be an element in the choice
set. For a scoring rule to conditionally satisfy can-
cellation, Ωx = Ωy = Ωu = Ωv. Setting Ωx = Ωy

reduces to

(2) 𝜎1 + 𝜎4 = 𝜎2 + 𝜎3

which implies symmetry. Rearranging terms,

(3) 𝜎1 − 𝜎2 = 𝜎3 − 𝜎4.

Meanwhile, setting Ωy = Ωv simplifies to
𝜎2 = 2𝜎3 − 𝜎4 which implies

(4) 𝜎2 − 𝜎3 = 𝜎3 − 𝜎4.

Combining the last two equations reveals

𝜎1 − 𝜎2 = 𝜎2 − 𝜎3 = 𝜎3 − 𝜎4.
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TABLE 1
Cancellation Profile

D∗
1

D∗
2

D∗
3

D∗
4

x y v x
y u u u
v v y v
u x x y

Thus, scoring rules will conditionally satisfy
cancellation in this example only if they have
equal weight increments throughout. Plurality
clearly violates cancellation. For Borda, 𝜎 = (3,
2, 1, 0) yielding Ωx = Ωy = Ωu = Ωv = 6
and thus 𝜁 (D*) = {x, y, u, v} thereby
conditionally satisfying cancellation. Now
consider a different strong symmetric posi-
tional system 𝜎 = (6, 5, 2, 1) which yields
Ωu = 16 >Ωx = 14 = Ωy = 14 >Ωv = 12 and thus
𝜁 (D*) = {u} thereby violating cancellation. Null
rules such as 𝜎 = (1, 1, 1, 1) where all weights
are identical universally satisfy cancellation.
They are not, however, faithful.

THEOREM 2. For any z > 3, a voting rule is
decisive, neutral, reinforcing, faithful, and can-
cels if and only if it is Borda. (Young 1974)

Young’s statement of the proof did not place
any restrictions on z, but as mentioned before,
all positional systems are equivalent when z = 2.
This can be shown by noting that 𝜎 can be nor-
malized to 𝜎 = (1, 𝜎2, … , 𝜎z−1, 0), where 𝜎r =
(𝜎r − 𝜎z)∕(𝜎1 − 𝜎z) ∀r ≤ z. For the limiting case
of z = 2, 𝜎= (1,0). Similarly, all symmetric posi-
tional systems are equivalent when z = 3. Here,
𝜎 = (1, 𝜎2, 0). Symmetry requires 𝜎2 = 1

2
, which

makes the rule functionally equivalent to Borda.
Only when z > 3 can there be symmetric posi-
tional systems which differ from Borda, as in for
example 𝜎 =

(
1, 1

2
,

1
2
, 0
)

whereas Borda requires

𝜎 =
(

1, 2
3
,

1
3
, 0
)

. Thus, any axiomatic representa-
tion of Borda characterizes all positional systems
for z = 2, all symmetric positional systems for
z = 3, and can only uniquely characterize Borda
for z≥ 4.

Young’s characterization of Borda also
depends on n. Reinforcement requires compar-
ing the selection of one group of size n to what
happens when the group merges with another
group thus changing its size. Unless n can vary,
no mergers are allowed so any rule will triv-
ially satisfy consistency. The characterization of

scoring rules, and subsequently Borda, depends
on a variable population assumption. If attention
is restricted to scoring rules, then cancellation is
no longer a distinguishing characteristic because
it is universally satisfied by all scoring rules.
Yet even strictly among the class of scoring
rules, Borda is not unique to these properties.
Thus, we can pose a variant of Theorem 2 as an
impossibility theorem.

THEOREM 3. There is no fixed value of n for
which Borda is the only scoring rule that is deci-
sive, neutral, reinforcing, faithful, and cancels.

Proof. The properties of faithfulness and cancel-
lation, which distinguish Borda from other scor-
ing rules for variable populations, can never both
be conditionally satisfied for the same profile
under fixed populations. Faithfulness can only be
violated if n = 1, and cancellation can only be
violated if n is even. Suppose, as stated by the
faithfulness condition, n = 1. Then cancellation
will be trivially satisfied by all voting rules. When
n = 1, any scoring rule where 𝜎1 has the largest
value will yield the same choice set as Borda.
Dowdall, for example, will be decisive, neutral,
reinforcing, faithful, and (trivially) cancel. Sup-
pose instead, as indicated by the cancellation con-
dition, there is an equal number of voters on each
side of every pairing of alternatives. Then there
must be more than one voter so every rule will
trivially satisfy faithfulness. In fact whenever n is
even, any rule will be trivially faithful so reverse
Borda and null rules will universally or trivially
satisfy all the properties. For fixed n > 1 odd, all
rules trivially satisfy both faithfulness and rein-
forcement so any scoring rule will universally or
trivially satisfy all the properties. ◾

Borda is uniquely characterized by Young’s
conditions only when z > 3 and n has the poten-
tial to vary. But for any fixed set of voters N
there are alternatives to Borda which will uni-
versally satisfy all the properties under an unre-
stricted domain of preferences. We seek to char-
acterize Borda in such a way that no property can
be trivially satisfied by every rule based solely
on the number of ballots. By invoking a property
pertaining only to variable alternative sets, we
are able to uniquely characterize Borda for fixed
n > 1.6 Our set of properties will not be unique
to Borda when the set of alternatives is fixed.

6. Because there are Borda equivalents when z≤ 3 or
n = 1, it will be impossible to uniquely characterize Borda
for these cases.
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Young’s theorem characterizes Borda among all
potential rules for fixed z and variable n but when
both z and n are fixed the properties are not unique
to Borda, even when limiting the analysis just
to scoring rules. Our theorem uniquely charac-
terizes Borda among all potential rules only for
variable z and variable n, but does uniquely char-
acterize Borda among the class of scoring rules
when z varies and n is fixed.

III. CHARACTERIZING SYMMETRIC SCORING
RULES

Because Borda is a type of symmetric scor-
ing rule, it will be easier to first characterize this
general class of rules and then reduce the permis-
sible rules to only include Borda. To do so, we
introduce some additional notation and proper-
ties. Persons i and j are twins if a≻i b↔ a≻j b
∀a, b∈ Z. They are inverts if a≻i b↔ b≻j a ∀a,
b∈ Z. It will become useful to make note of a
simple result.

LEMMA 1. Let Γ be a scoring rule. Let
n = 2, and a≻1 b↔ b≻2 a ∀ a, b∈ Z. Then
𝜁 (D) = Z ↔Γ is symmetric.

Proof. Suppose z is odd. Denote voter 1’s
median preference by m, and another alternative
ranked rth, r ≠

z+1
2

, will be denoted by x. Voter
1 and voter 2 being inverts implies voter 2 ranks
m in the median position as well, and ranks x in
position z− r + 1. Then Ωm = 𝜎 z+1

2
+ 𝜎 z+1

2
, and

Ωx = 𝜎r + 𝜎z− r + 1. In order for each alternative to
be included in the choice set, they must all have
the same score. Thus, 𝜎 z+1

2
+ 𝜎 z+1

2
= 𝜎r + 𝜎z−r+1

which meets the definition of symmetry. This is
proven similarly for z even by replacing m by
two median alternatives m1 and m2, and noting
Ωm1 = 𝜎 z

2
+ 𝜎 z

2
+1. ◾

The smallest group for which cancellation can
be violated is when there are only two voters.
Lemma 1 indicates that scoring rules will uni-
versally satisfy cancellation in the limiting case
of a two-voter profile if and only if the scoring
rules are symmetric. Note that this result does not
hold for n > 2, as proven by the example given
in Table 1 where the strong symmetric positional
system 𝜎 = (6, 5, 2, 1) was shown to violate can-
cellation. This particular 𝜎 rule does, however,
universally satisfy faithfulness.

In developing his characterization of Borda,
Young referenced all of May’s properties
except positive responsiveness. The next two

lemmas present some relationships involving
that property.

LEMMA 2. If Γ is decisive, neutral, and posi-
tively responsive, then Γ is faithful.

Proof. Suppose Γ is decisive but not faithful.
Then for n = 1, ∃D ∈ D such that for some pair
of alternatives {a, b}⊆Z, b∈ 𝜁 (D) when a is
ranked first by the voter. Let D′ be the same
as D except the voter changes the rank of b to
be higher than before. Positive responsiveness
requires 𝜁 (D′) = {b}, and that the choice set
remains the same for every subsequent increase
of b. Either originally or eventually, a is ranked
first and b is ranked second. Label this profile
as Dab. Furthermore, b∈ 𝜁 (Dab). Let Dba = Dab

except b≻1 a so that for Dba, b is now ranked first
and a is ranked second. Positive responsiveness
indicates 𝜁 (Dba) = {b} but neutrality requires
a∈ 𝜁 (Dba). ◾

LEMMA 3. A decisive scoring rule Γ is posi-
tively responsive if and only if Γ is a strong posi-
tional system.

Proof. Let Γ be a scoring rule. If Γ is a strong
positional system then 𝜎r > 𝜎r + 1 ∀ r < z. With-
out loss of generality, suppose a∈ 𝜁 (D). Then
Ωa ≥Ωb ∀ b≠ a. Further assume 𝜂a

1 < z. Let D′

be the same as D except one voter increases
her relative preference for a. Because 𝜎r > 𝜎r + 1
∀ r < z, any increase in relative preference for a
by any voter will increase points for a without
increasing points for any other alternative. Thus,
Ω′a >Ω′b ∀ b≠ a. Therefore 𝜁 (D′) = {a}, consis-
tent with positive responsiveness.

If instead Γ is not a strong positional sys-
tem, ∃r ∈ {1, … z− 1} such that 𝜎r ≤ 𝜎r + 1.
To show that positive responsiveness can be
violated for any such rule, suppose n = z and
define D* such that ∀x ∈ Z, ∀r ≤ z, 𝜂x

r = 1.
Then ∀x, Ω∗x =

∑z
r=1 𝜎r =⇒ 𝜁 (D∗) = Z. With-

out loss of generality, suppose that for some
pair {a, b}⊆ Z voter i ranks a rth and b
(r + 1)th. Let D′ = D* except b≻i a. Then
Ω′a ≥Ω′b =⇒ 𝜁 (D′)≠ {b} which violates posi-
tive responsiveness. ◾

Now consider a different version of neu-
trality which not all scoring rules will satisfy.
May’s (1952) introduction of the neutrality
property was defined only for the case of z = 2.
It has since been generalized to the multiple-
alternative case in a variety of ways (Dasgupta
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and Maskin 2008; Goodin and List 2006;
Pivato 2013; Rubinstein 1984; Young 1974).

May’s explanation of neutrality stated that
when everyone reversed their preference on
two alternatives then the opposite outcome
should arise. Suppose Z = {x, y}. If every
individual voter in profile D were replaced
by an invert in profile D−1, then Γ is neutral
if and only if: 𝜁 (D) = {x}→ 𝜁 (D−1) = {y},
𝜁 (D) = {y}→ 𝜁 (D−1) = {x}, and 𝜁 (D) = {x,
y}→ 𝜁 (D−1) = {y, x}. Of course the ordering of
the choice set list is irrelevant so a tie in the last
scenario remains a tie for both profiles. For z > 2,
though, it is not always clear what is the opposite
outcome because there may be multiple possible
ways to not include the original set of winners.
Furthermore, when z > 2 a tie can occur among a
subset of the alternatives so there are more than
just three potential choice sets derived from any
profile. Young represented neutrality as requiring
that a relabeling of the alternatives in the prefer-
ence profile will result in the same relabeling of
the alternatives in the choice set. A different way
to express May’s neutrality property is that any
alternative selected by Γ from one profile cannot
also be selected by Γ under the inverted profile,
unless all alternatives are selected for both.

Invertible Let Z′ ⊂ Z : {Z′ ∩Z′′ = ∅ and
Z′ ∪Z′′ = Z}. 𝜁 (D) = Z′ → 𝜁 (D−1) = Z′′′ ⊆ Z′′,
and 𝜁 (D) = Z → 𝜁 (D−1) = Z.

Invertibility is equivalent to Young’s neutrality
condition when z = 2. The two properties can
differ when there are three or more alternatives
because there are multiple choice sets for D−1

consistent with invertibility when 𝜁 (D)≠ Z.
Recall that all scoring rules are neutral. Yet

not all scoring rules are invertible. Dowdall,
for example, is neutral but not invertible. Pos-
itive/negative is both neutral and invertible.
Unanimity with status quo default is neither
neutral nor invertible. We are not aware of any
traditional rules which are invertible and not
neutral, although such rules are possible to
construct.7 Thus, neutrality and invertibility are
independent of each other. Note also that neutral-
ity can never be trivially satisfied but invertibility
can be trivially satisfied if a rule is not decisive.

7. Consider the following. Let 𝜁 (D) represent the choice
set for positive/negative applied to profile D, and Q repre-
sent the alphabetical ordering of 𝜁 (D) with Qk the kth ele-
ment of Q. Let 𝜁*(D) represent the choice set for a new rule
applied to profile D such that ∣Q ∣ < z→ 𝜁*(D) = Q1, other-
wise 𝜁*(D) = 𝜁 (D). Such a rule is invertible but biased toward
alternatives with labels that appear earlier in the alphabet.

Furthermore, an implication for invertible rules
is 𝜁 (D)∩ 𝜁 (D−1) = Z ∨ ∅ .

Invertibility is also similar to reversal sym-
metry (Saari 1994) which is satisfied when
𝜁 (D) = {a}→ a∉ 𝜁 (D−1). Clearly, invertibility
implies reversal symmetry, the difference being
reversal symmetry is trivially satisfied whenever
the choice set contains more than one alterna-
tive or none at all, whereas invertibility is only
trivially satisfied in the latter case. Saari explains
reversal symmetry as preventing a type of para-
dox rather than as a fairness criterion. The choice
set represents an attempt to identify the “best”
alternative for which voters contribute a ranking
of their personal best to worst alternatives. Had
the goal instead been to identify the “worst” alter-
native, voters would be expected to reverse their
personal rankings. It would not, therefore, make
logical sense to identify the same alternative as
both “best” and “worst” for the group, and a rule
universally satisfying reversal symmetry ensures
this cannot occur. The same argument can apply
to invertibility except conditional satisfaction is
not limited just to cases where a single “best”
alternative is identified. Saari and Barney (2003)
also state that any nonsymmetric positional
system can violate reversal symmetry but do not
provide a formal proof.8 A characterization of
symmetric scoring rules is developed here using
the condition of invertibility, but our proof does
not work for reversal symmetry.

There is also a connection between
invertibility and cancellation. Refer back
to profile D* from Table 1. Under plurality,
𝜁 (D∗) = 𝜁 (D∗−1) = {x} thus violating both can-
cellation and invertibility. In contrast, for Borda
𝜁 (D∗) = 𝜁 (D∗−1) = {x, y, u, v} which condition-
ally satisfies both properties. The symmetric
positional system 𝜎 = (6, 5, 2, 1), which was
already shown to violate cancellation on this pro-
file, conditionally satisfies invertibility because
𝜁 (D*) = {u} and 𝜁 (D∗−1) = {v}. Cancellation
is a sufficient but not necessary condition for
decisive and reinforcing rules to be invertible.

LEMMA 4. If Γ is decisive, reinforces, and can-
cels then Γ is invertible.

Proof. Let D* =D∪D−1. Then for all D ∈ D,D*

represents a profile in which nab = nba ∀ a, b∈ Z.
Cancellation therefore requires 𝜁 (D∪D−1) = Z.

By decisiveness, 𝜁 (D)≠ ∅.

8. Saari and Barney do prove that Borda universally
satisfies reversal symmetry.
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Case 1: 𝜁 (D) = Z. Then 𝜁 (D)∩ 𝜁 (D−1) =
𝜁 (D−1). By reinforcement, 𝜁 (D∪D−1) = 𝜁 (D−1).
Then from the cancellation requirement,
𝜁 (D−1) = Z which makes Γ invertible.

Case 2: 𝜁 (D) = Z′ ⊂Z. Suppose Γ does not
conditionally satisfy invertibility for profile D.
Then 𝜁 (D)∩ 𝜁 (D−1) = Z′′ ⊆ Z′, Z′′ ≠ ∅ . Rein-
forcement would then require 𝜁 (D∪D−1) = Z′′

which violates cancellation. ◾

Invertibility is weaker than cancellation in the
sense that conditional satisfaction of cancellation
directly infers conditional satisfaction of invert-
ibility. If a profile D contains an equal number
of voters on each side of every pairwise vote,
then so does its inverted profile D−1. Cancellation
requires in this case 𝜁 (D) = 𝜁 (D−1) = Z which
is consistent with invertibility. Furthermore, as
noted above, it is possible to violate cancellation
while conditionally satisfying invertibility. On
the other hand, cancellation is weaker than invert-
ibility in the sense that cancellation is trivially
satisfied by every rule in any profile where there
is not an equal number of voters on both sides
of every pairwise vote, yet invertibility may still
be violated. Consider the profile D = {D1, D2},
where a≻1 b≻1 c and b≻2 c≻2 a. Cancellation
is trivially satisfied for this profile by every rule
(because both voters prefer b over c), whereas
invertibility is conditionally satisfied by Dowdall
(because 𝜁 (D) = {b}, 𝜁 (D−1) = {c}) yet violated
by plurality (because 𝜁 (D) = {a, b}, 𝜁 (D−1) = {a,
c}).

As made explicit in the proof for the next
theorem, any nonsymmetric scoring rule can fail
to conditionally satisfy invertibility but any sym-
metric scoring rule never will.

THEOREM 4. The only voting rules which are
decisive, anonymous, neutral, reinforcing, and
invertible are symmetric scoring rules.

Proof. Symmetric scoring rules are decisive,
anonymous, neutral, and reinforcing as a special
case of Theorem 1. We first show that symmetric
scoring rules are invertible for z odd. For any
scoring rule,Ωa(D) =

∑z
r=1 𝜂

a
r 𝜎r, andΩa(D−1) =∑z

r=1 𝜂
a
r 𝜎z−r+1. The total points allocated across

all alternatives is
∑z

a=1 Ω
a = n

∑z
r=1 𝜎r so that the

average score for an alternative is n
z

∑z
r=1 𝜎r.

Case 1: 𝜁 (D) = Z. 𝜁 (D) = Z ↔Ωa(D) =Ωb(D)
∀a, b∈ Z, and thus Ωa(D) = n

z

∑z
r=1 𝜎r ∀a∈ Z.

Invertibility then requires 𝜁 (D−1) = Z and
thus Ωa(D−1) = Ωa(D) ∀a∈ Z. From (1),

symmetry requires 𝜎z−r+1 = 2𝜎 z+1
2

− 𝜎r,

and
∑z

r=1 𝜎r = z𝜎 z+1
2

, so that Ωa(D) sim-

plifies to n𝜎 z+1
2
. By substitution, Ωa(D−1) =∑z

r=1 𝜂
a
r 𝜎z−r+1 =

∑z
r=1 𝜂

a
r

(
2𝜎 z+1

2
− 𝜎r

)
= 2𝜎 z+1

2∑z
r=1 𝜂

a
r −

∑z
r=1 𝜂

a
r 𝜎r = 2n𝜎 z+1

2
− n𝜎 z+1

2
=

n𝜎 z+1
2

= Ωa(D). This can be shown for z

even by changing the symmetry condition
to 𝜎z−r+1 = 𝜎 z

2
+ 𝜎 z

2
+1 − 𝜎r, and simplifying

Ωa(D) instead to n
2

(
𝜎 z

2
+ 𝜎 z

2
+1

)
.

Case 2: 𝜁 (D) = Z′ ⊂ Z. In this case Ωa(D) =∑z
r=1 𝜂

a
r 𝜎r >

n
z

∑z
r=1 𝜎r = n𝜎 z+1

2
∀a∈ Z′. Fol-

lowing from the substitutions above, Ωa(D−1) =∑z
r=1 𝜂

a
r 𝜎z−r+1 = 2n𝜎 z+1

2
−
∑z

r=1 𝜂
a
r 𝜎r <

2n𝜎 z+1
2

− n𝜎 z+1
2

= n𝜎 z+1
2

and thus there exists

b∈ Z, ∉Z′ such that Ωb(D−1) > n𝜎 z+1
2

. There-

fore, a∉ 𝜁 (D−1). This case can be demonstrated
similarly for z even. Therefore, symmetric
scoring rules are invertible.

To complete the proof, it need only be shown
that (for any Z), a profile exists for which the
scoring rule Γ must be symmetric for that profile
to be invertible. Suppose D̈ = {Di,Dj} where i

and j are inverts. Then Ωa(D̈) = Ωa(D̈−1) = 𝜎r +
𝜎z−r+1 ∀a∈ Z. Therefore, x∈ Z is an argmax of
Ω(D̈) if and only if x is an argmax of Ω(D̈−1), and
thus x ∈ 𝜁 (D̈) ↔ x ∈ 𝜁 (D̈−1). Hence, Γ can only
be invertible if 𝜁 (D̈) = 𝜁 (D̈−1) = Z, yet as proven
by Lemma 1, 𝜁 (D̈) ≠ Z unless Γ is symmetric. ◾

IV. ACHIEVING BORDA

Arrow (1951) famously argued that the social
preference between any two alternatives should
be independent of how voters rank a third alter-
native. Removing an alternative from considera-
tion does not change any voter’s relative prefer-
ences of the remaining alternatives so it seems
natural that removing an alternative which was
not in the choice set should not affect which of
the other alternatives are selected. Yet it is well
established that very few rules universally satisfy
this independence condition. Scoring rules tend
to violate independence because if alternative a is
removed, then alternative b retains the same rank
for voter i if b≻i a but is assigned a different rank
if a≻i b. Thus, although the relative rank for all
remaining alternatives stays the same for all vot-
ers, the absolute rank of some alternatives may
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change for some voters but not for other voters
and thus the distribution of points is altered. A
weaker form of independence might be to require
the same alternatives be selected only when cer-
tain types of alternatives are removed. At mini-
mum, those cases should include when the abso-
lute rank of all the other alternatives remains the
same after removing an alternative.

Minimal independence 𝜂a
z = n → 𝜁 (D ⧵

{a}) = 𝜁 (D).
As noted above, a removed alternative will

change the absolute rank given by a voter to
another alternative if the other alternative was
ranked below the removed alternative. Thus, to
not affect the absolute ranking of any alterna-
tive given by any voter, the removed alternative
must be unanimously ranked last. An alternative
ranked last by everyone suggests there would be
unanimous agreement it should be removed from
consideration. Yet for some rules ignoring this
alternative when ranking the others can affect
which of the other alternatives are selected. A
simple example will show the positive/negative
rule violates minimal independence.

Conditional satisfaction of minimal indepen-
dence requires the set of alternatives be allowed
to shrink, otherwise minimal independence will
be trivially satisfied by every rule for all pro-
files. Cancellation requires allowance of variable
group sizes in terms of the number of ballots
cast; minimal independence requires allowance
of variable alternative sets considered in terms of
ballot length.

For scoring rules, reducing the number of con-
sidered alternatives requires extracting one or
more weights from 𝜎. This leads to a complica-
tion when representing scoring rules by a vec-
tor of weights instead of a general formula. To
emphasize this point, we temporarily denote the
scoring vector as 𝜎[z] to reflect the number of
ranks contained in 𝜎. Let a∈ Z, Z′ = Z⧵{a} and
𝛼 denote the weight rank extracted from 𝜎[z]
in order to create 𝜎[z− 1] for Z′. A point vec-
tor 𝜎[z] would need to be reduced in size for
smaller alternative sets in different ways depend-
ing on the particular scoring rule. Suppose as
in Table 2 that z = 4. Consider Dowdall where
𝜎r[z]= 1/r ∀ r ≤ z, which translates to (1, 1/2, 1/3,
1/4) For Z′, Dowdall would be represented by a
simple truncation vector 𝜎[3] =

(
1, 1

2
,

1
3

)
so that

for any initial z, 𝜎r[z− 1] = 𝜎r[z] ∀r ≤ z− 1. Thus
𝛼 = 𝜎z[z]. Now consider the positive/negative rule
which is defined as 𝜎1 = 1, 𝜎z = −1, 𝜎r = 0,
2≤ r ≤ z− 1. The positive/negative rule translates

TABLE 2
Minimal Independence Profile

D1 D2 D3 D4

b c c b
d b d d
c d b c
a a a a

to 𝜎[4] = (1, 0, 0,−1) which requires extract-
ing an interior weight to create 𝜎[3] = (1, 0,−1).
Thus, 𝜎z− 1[z− 1] = 𝜎z[z], 𝜎r[z− 1] = 𝜎r[z]
∀r < z− 1 so 𝜎1[z] < 𝛼 < 𝜎z[z] which represents
a different extraction process than under Dow-
dall. Applying instead the same truncation used
for Dowdall (𝛼 = 𝜎z[z]) would convert posi-
tive/negative into plurality, and thus create a dif-
ferent rule. In our subsequent analysis of scor-
ing rules on reduced alternative sets we con-
sider all possible reductions to 𝜎 and then eval-
uate whether the extraction necessary to satisfy a
property retains the same rule.

In Table 2 profile, positive/negative voting
yields Ωb = Ωc = 2, Ωd = 0, Ωa = − 4. Thus
𝜁 (D) = {b, c}. Removing a to create D′ results in
Ω′b = 1, Ω′c = 0, Ω′d = − 1 so 𝜁 (D′) = {b} which
violates minimum independence. The reader can
easily verify that for Dowdall 𝜁 (D′) = 𝜁 (D) = {b}
thereby conditionally satisfying minimum inde-
pendence on this profile.

Unlike faithfulness and cancellation, neither
invertibility nor minimal independence can be
trivially satisfied by any rule prior to voting.
Invertibility can be trivially satisfied only if the
resulting choice set is empty. This outcome is
rule-specific so for a given profile D, one rule
may trivially satisfy invertibility while another
rule can either conditionally satisfy or violate
it. No decisive rule can trivially satisfy invert-
ibility on any profile. In contrast, minimal inde-
pendence can be trivially satisfied or not based
on the profile itself. Any rule will trivially sat-
isfy minimum independence on any profile in
which there is not unanimous agreement on the
worst alternative. Trivial satisfaction of faithful-
ness is determined solely by the number of voters
(any n > 1), and regardless of their preferences.
Cancellation can be trivially satisfied either by
the number of voters (any odd) or by the spe-
cific profile (even number of voters but not equal
number on each side of every pair). Thus, trivial
satisfaction of invertibility is dependent on the
rule used, whereas trivial satisfaction of minimal
independence is dependent on the specific group
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preference profile regardless of the voting rule.
Both, however, require knowledge of voter pref-
erences before trivial satisfaction can be deter-
mined. In contrast, knowledge of voter prefer-
ences is not required for trivial satisfaction of
faithfulness and may not be needed for trivial sat-
isfaction of cancellation.

We now present our main result.

THEOREM 5. For z > 3 and n > 1, the only deci-
sive, anonymous, neutral, reinforcing, invertible,
positively responsive, and minimally independent
voting rule is Borda.

Proof. To show sufficiency, we note Borda
universally satisfies decisiveness, anonymity,
neutrality, reinforcement and invertibility by
virtue of being a symmetric scoring rule. It is
positively responsive because any increase in
rank for an alternative will always give it more
points, and no other alternative will receive addi-
tional points. Finally, it is minimally independent.
Whenever a unanimously least-preferred alterna-
tive is removed from the alternative set, the score
for an alternative originally ranked rth by a voter
decreases by w = 𝜎r − 𝜎r − 1 from each voter. If
𝜂a

z = n, and D′ = D⧵{a}, then Ω′b = Ωb − nw
∀b≠ a. Because argmax (Ω) = argmax(Ω− c),
where c is any constant, 𝜁 (D′) = 𝜁 (D).

To show necessity, Theorem 4 explained that
for Γ to be decisive, anonymous, reinforcing and
invertible requires it to be a symmetric scor-
ing rule. As indicated by Lemma 3, positive
responsiveness requires a scoring rule to be a
strong positional system. Thus, for Γ to univer-
sally satisfy the first five conditions requires Γ
to be a strong symmetric positional system. The
rest of the proof of Theorem 5 involves show-
ing Borda is the only strong symmetric posi-
tional system which universally satisfies mini-
mal independence.

For any profile D in which there exists an
alternative a∈ Z such that b≻i a, ∀b≠ a, ∀i∈N,
minimal independence requires that for any
D′ = D⧵{a}→ 𝜁 (D′) = 𝜁 (D). Verifying sat-
isfaction of minimal independence requires
identifying the extracted weight 𝛼 for 𝜎→ 𝜎′.
Suppose z is even and z′ = z− 1. From (1),
symmetry requires

(5) 𝜎r + 𝜎z−r+1 = 𝜎 z
2
+ 𝜎 z

2
+1 ∀r ≤ z

and

(6) 𝜎′
r + 𝜎′

z′−r+1 = 2𝜎′
z′+1

2

∀r ≤ z′.

Case 1: 1 < 𝛼 < z.

This requires extracting an interior weight
which keeps the largest and smallest weights the
same. Thus 𝜎′

1 + 𝜎′
z′
= 𝜎1 + 𝜎z. Setting (5) = (6)

→ 𝜎 z
2
+ 𝜎 z

2
+1 =

{
2𝜎 z

2
+1 for x ≤

z
2

2𝜎 z
2

for x >
z
2

either of

which requires 𝜎 z
2
= 𝜎 z

2
+1. This violates Γ being

a strong positional system.

Case 2: 𝛼 = z.

This indicates extracting the lowest weight.
Then 𝜎′

r = 𝜎r ∀r ≤ z− 1.
Substitution in (6), solving (5)and (6) for

𝜎r and setting the two equations equal to each
other results in 𝜎 z

2
+ 𝜎 z

2
+1 − 𝜎z−r+1 = 2𝜎 z′+1

2
−

𝜎z′−r+1∀r ≤ z′. Substituting z′ = z− 1 yields 𝜎 z
2
+

𝜎 z
2
+1 − 𝜎z−r+1 = 2𝜎 z

2
− 𝜎z−r ∀r ≤ z− 1 and some

algebraic manipulation results in 𝜎z−r − 𝜎z−r+1 =
𝜎 z

2
− 𝜎 z

2
+1 ∀r ≤ z− 1 . The difference in points

for every adjacent rank must be equal to the dif-
ference between the co-median points.

Let 𝜎 z
2
− 𝜎 z

2
+1 = w, where w is any fixed num-

ber. This implies

𝜎z =
⎧⎪⎨⎪⎩

argmax𝜎 → 𝜁 (D) = {a} for w < 0,
𝜎r∀r → 𝜁 (D) = Z for w = 0

argmin 𝜎 → a ∉ 𝜁 (D) for w > 0.

By minimum independence 𝜁 (D⧵{a}) = 𝜁 (D),
thus a∉ 𝜁 (D)→w > 0 which corresponds to
Borda.

Case 3: 𝛼 = 1.

This case indicates extracting the largest
weight. Thus, 𝜎′

r = 𝜎r+1 ∀r < z.
Substitution in (6) and subtracting from (5)

results in 𝜎r + 𝜎z−r+1 − (𝜎r+1 + 𝜎z′−r+2) = 𝜎 z
2
+

𝜎 z
2
+1 − 2𝜎 z′+1

2
+1
∀r < z′. Substituting z′ = z− 1

and simplifying terms yields 𝜎r − 𝜎r+1 = 𝜎 z
2
−

𝜎 z
2
+1 ∀r < z− 1.
This then follows the same implication as from

case 2. A similar proof can be reconstructed for
z odd by replacing 𝜎 z

2
+ 𝜎 z

2
+1 with 2𝜎 z+1

2
in (5),

and 2𝜎 z′+1
2

with 𝜎 z′
2
+ 𝜎 z′

2
+1

in (6). Any sym-

metric scoring rule must retain symmetry on a
reduced alternative set when only exterior values
are extracted. Positive responsiveness limits such
rules to Borda. ◾

Our characterization of Borda, like Young’s,
relies on a variable population assumption.
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Unlike Young, however, fixing the popula-
tion size in our approach does not completely
eliminate the uniqueness of Borda. Our set of
properties still uniquely characterizes Borda
among the class of scoring rules.

THEOREM 6. For z > 3 and fixed n > 1, the only
invertible, positively responsive, and minimally
independent scoring rule is Borda.

The only property referenced in Theorem 5
which is directly affected by fixing the pop-
ulation is reinforcement, which now becomes
trivially satisfied by any rule. As such, rules
which do not universally satisfy reinforcement
when populations can vary, now do universally
satisfy reinforcement and thus are no longer
disqualified based on lacking that characteris-
tic. From Theorem 1, all scoring rules univer-
sally satisfy reinforcement (as well as decisive-
ness, anonymity, and neutrality) and thus uni-
versally satisfy the same combination of prop-
erties from Theorem 5 for fixed populations
as they do for variable populations. Therefore
Theorem 6 follows directly by implication of
Theorem 5.

When the alternative set is not allowed to
vary in size, minimum independence will always
be trivially satisfied, and scoring vectors will
never need to be redefined. Thus, any strong
symmetric positional system will universally
satisfy the Borda properties when the num-
ber of voters and alternatives are both fixed.
For example, for z = 4 and any fixed finite n,
𝜎 = (8, 4, 2,− 2) can be shown to be decisive,
anonymous, invertible, positively responsive
(Theorem 4 and Lemma 3), and trivially satisfies
reinforcement and minimal independence. The
same holds true for many other scoring vectors,
including for example 𝜎′ = (10, 9, 3, 2). Thus,
similar to Theorem 3, the Borda impossibility
following from our axioms can be presented as
follows.

THEOREM 7. There is no fixed z and n for which
the only decisive, anonymous, neutral, reinforc-
ing, invertible, positively responsive, and mini-
mally independent scoring rule is Borda.

V. CONCLUSION

Young (1974, 1975) developed a classic
axiomatization of Borda by proving it is the
only voting rule which is decisive, neutral, rein-
forcing, faithful and cancels. As is standard, the

proof requires a rule to universally satisfy each
property and only Borda successfully meets the
challenge. However, Young’s result is limited to
variable populations although the set of alter-
natives can remain stable. For fixed population
sizes, all rules trivially satisfy reinforcement, and
also faithfulness and/or cancellation (depending
on whether the fixed size is equal to one, other
odd, or even). Rules other than Borda, including
at least some other scoring rules, will universally
satisfy all the properties over an unrestricted
domain of preferences once the size of the voting
group is determined.

We assume both the number of voters and
number of alternatives can vary. Under this con-
dition, we show that Borda is the only rule which
universally satisfies decisiveness, anonymity,
neutrality, reinforcement, invertibility, positive
responsiveness and minimal independence. If the
group size is fixed, Borda remains the only scor-
ing rule to universally satisfy all the properties
when there are at least two voters and at least
four alternatives.
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